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Outline

I What is a random walk?

I How to measure a random walk?

I Fastest mixing problem

I Computational results

I Applications

I Future work

mixing time
describe−→ convergence speed

fast mixing −→ fast convergence
of dynamical process on network
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Random walk

I Γ(v): neighbors of v in G

I x0
random−→ x1 ∈ Γ(x0)

random−→ x2 ∈ Γ(x1)
random−→ · · · random−→ xk ∈ Γ(xk−1)

I Example:

{v0v1v2v0v5v4} is one trial of a random
walk

{v0v5v4v2v3} is another trial of a random
walk
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Random walk and Markov chain

I Transition probability matrix P

Pij =
{

Pr[xt+1 = j|xt = i], if ij ∈ E
0, otherwise

I We can choose each node uniformly

Pij =
{

1/d(i), if ij ∈ E
0, otherwise

where d(i) is the degree of i
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I distribution at t: π(t) = π(0)P t

I equilibrium distribution: π = πP

I reversible Markov chain: πiPij = πjPji i, j ∈ V

I symmetric chain: PT = P

Min Chen Mixing time on random walks 4 of 24



Measurements of Random walk

I Example: London tube graph
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Example: London tube graph (continued)

Pick out a simple graph from it:
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Example: London tube graph - Hitting time

I King’s Cross
random walk

−−−− −→︸ ︷︷ ︸
? steps

Victoria
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I Hitting time:[LL00]

Hij = 2m

n∑
k=2

1
1−λk

[
v2

ki

d(i)
− vkivkj√

d(i)d(j)

]

{λ, v} is the eigensystem of N = D1/2AD1/2, A is the adjacency matrix,
D = diag(1/d(i)), m is the number of edges in the graph

I the mean number of steps between King’s Cross and Victoria is

Hkc−v = H81 = 38.5
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Example: London tube graph - Hitting time matrix

I Hitting time matrix

0.0 12.7 30.1 24.9 36.1 58.8 47.5 49.7 31.2 30.0 46.5 45.0 . . .
28.1 0.0 21.3 20.1 32.6 55.4 44.4 47.4 29.6 29.8 49.6 51.4 . . .
40.6 16.4 0.0 11.0 27.0 50.5 40.0 44.7 28.7 29.9 51.3 54.5 . . .
51.1 30.9 26.7 0.0 19.5 43.5 33.7 40.1 25.8 28.1 50.9 55.7 . . .
58.4 39.4 38.7 15.5 0.0 26.4 18.9 32.5 25.4 30.3 54.0 59.6 . . .
60.3 41.5 41.4 18.8 5.7 0.0 10.5 27.8 24.4 30.8 54.8 60.7 . . .
60.2 41.7 42.2 20.1 9.4 21.6 0.0 21.1 21.5 29.2 53.5 59.7 . . .
58.8 41.1 43.3 23.0 19.4 35.4 17.6 0.0 11.8 23.5 48.8 55.9 . . .
55.5 38.5 42.5 23.9 27.4 47.2 33.2 26.9 0.0 15.9 42.0 50.1 . . .
53.3 37.7 42.7 25.2 31.4 52.6 39.9 37.7 14.9 0.0 29.8 41.6 . . .
50.1 37.8 44.4 28.3 35.4 56.9 44.5 43.3 21.4 10.1 0.0 21.8 . . .
45.0 36.0 44.0 29.4 37.4 59.1 47.1 46.8 25.8 18.2 18.2 0.0 . . .
37.8 32.1 41.6 28.6 37.3 59.4 47.7 48.3 28.3 24.4 34.3 26.2 . . .
19.9 23.4 36.8 27.7 37.7 60.1 48.6 50.0 30.7 28.2 41.4 36.6 . . .
40.7 17.9 30.8 21.3 31.5 54.0 42.7 44.7 26.0 26.4 48.0 51.6 . . .
51.3 33.7 38.4 20.4 28.4 50.7 39.0 40.0 20.3 21.0 44.5 49.8 . . .
58.0 39.5 40.6 19.2 11.5 36.5 27.6 37.0 25.7 29.2 52.8 58.3 . . .
45.6 33.9 41.0 25.5 33.9 56.0 44.3 45.2 25.3 23.7 40.4 39.0 . . .
55.7 37.6 40.5 20.8 21.0 44.6 34.3 39.5 24.0 26.1 49.7 55.1 . . .


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Example: London tube graph - Commute time

I King’s Cross
rw−→ Victoria

rw−→︸ ︷︷ ︸
? steps

King’s Cross
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I commute time [LL00]
kij = Hij+Hji

I So we know that the commute time from King’s Cross to Victoria then back to
King’s Cross is

kk−v = k81 = H81+H18 = 38.5+29.6 = 68.1

I Symmetry

• Hij 6= Hji unless i and j are vertex-transitive.

• kij = kji for all i, j

Min Chen Mixing time on random walks 9 of 24



Example: London tube graph - Mixing time

I π(0) → π(1) → · · · → π︸ ︷︷ ︸
? steps
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I mixing rate = log(1/µ(P ))[SB04]

where µ(P ) = maxi=2,...,n |λi(P )| = max{λ2(P ),−λn(P )}

I mixing time: τ = 1/(mixing rate) = 1/ log(1/µ)[SB04]

I mixing rate = 0.101568

mixing time = 9.845655

I build new lines

mixing rate = 0.168313

mixing time = 5.941294
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Definition of random walk properties

hitting
time
(access
time)

Hij is the expected num-
ber of steps in a random
walk starting from node
i and before node j. 2m

n∑
k=2

1
1−λk

[
v2

ki

d(i)
− vkivkj√

d(i)d(j)

]

commute
time

kij is the expected num-
ber of steps in a random
walk starting at i, the
first time return to i via
j.

Hij+Hji

mixing
rate

measure of how fast the
random walk converges
to its stationary distribu-
tion.

ρ = − log(µ(P ))

mixing
time

the time scale (in steps)
for reaching the station-
ary distribution.

τ = − 1
log(µ)
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Fastest mixing problem - topology

I Mixing time - convergence speed

I fastest mixing - smallest mixing time/different topology

change the topological structure of graphs

↓

fastest mixing chain

I Optimization description

minG µ(P (G))
s.t. P � > 0

P1 = 1

Pij =
{

1/d(i), if ij ∈ E
0, otherwise
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Computational results - small regular graphs

I the min/max mixing time for 10 nodes regular graphs

n deg num maxtime graph mintime graph avertime

10 3 17 15.5896 2.4663 6.8216

10 4 58 7.7220 1.7195 3.4093

10 5 59 7.4542 1.2427 2.2145

10 6 21 2.4663 0.9102 1.5722

10 7 5 1.1802 1.0168 1.1475
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Fastest mixing problem - weights

I Stephen Boyd’s idea, Stanford Univ.

I fastest mixing - smallest mixing time/different weights

fix the topology, changing the weights

↓ (reversible chain)

fastest mixing chain

I Optimization description

minP µ(P )
s.t. P � > 0

P1 = 1
ΠP = PTΠ
Pij = 0, i, j 6∈ E
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Fastest mixing problem - combined problem

I Combined Boyd’s idea together with ours

I Fastest mixing chain both on topology and weights

all different topologies reversible chain

↓ change the weights
fastest mixing weights on each different topology

↓
fastest mixing chain

I Optimization description

minG minP (G) µ(P )
s.t. P � > 0

P1 = 1
ΠP = PTΠ
Pij = 0, i, j 6∈ E
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FMRMC for 10 nodes regular graphs

The mixing time for 10 nodes regular graphs

nodes degree max time graph min time graph
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10 8 0.7213 0.7213

10 9 0.4551 0.4551
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Random graph results - small world SW (n, m)

I SW (n, m) model: n nodes cycle + m more cross links

0
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4
SW (6,3)−→

0
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5
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4

. . .

I (n, m) ⇒topology structure⇒mixing time

I How does n affect mixing time? n
?→ τ

I How does m affect mixing time? m
?→ τ
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Small world SW (n, m) - n and τ

I For cycle: µ = max{|λ2| , |λn|}) =
∣∣∣cos

(
(n−1)π

n

)∣∣∣ = cos
(

π
n

)
Substitute into τ :

τ(µ) =
1

ρ(µ)
=

−1
log(µ)

=
−1

log cos
(

π
n

)
Expanded as Taylor expansion:

τ(n) ≈ 2n2

π2
−1

3
− π2

30n2
− 5π4

756n4
+O(n−6)

mixing time τ is in direct proportion to n2 as n →∞ :√
τ

2
π ≈ n
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Topology
?→ mixing time (SW (n, m))

I Colour plot of log(τ) against log(m) and log(n)
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-0.9263-0.6457-0.3370.001410.37090.77221.206 1.671 2.168 2.696 3.252 3.836 4.445 5.075 5.724 6.388 7.062 7.743 8.424 9.101

-0.8474-0.5083-0.14560.24240.65711.1 1.57 2.069 2.596 3.15 3.729 4.333 4.958 5.602 6.262 6.934 7.614 8.298 8.981 9.658

-0.7189-0.32580.086520.52 0.97621.456 1.961 2.49 3.044 3.621 4.221 4.842 5.481 6.137 6.807 7.486 8.171 8.858 9.542 10.22

-0.543-0.10040.35740.83231.326 1.84 2.375 2.932 3.509 4.108 4.726 5.362 6.014 6.681 7.358 8.043 8.733 9.422 10.11 10.78

-0.32350.16440.66351.176 1.704 2.249 2.811 3.392 3.991 4.608 5.242 5.891 6.555 7.23 7.914 8.604 9.297 9.987 10.67 11.34

-0.065460.46340.99991.546 2.105 2.677 3.264 3.866 4.484 5.117 5.765 6.426 7.099 7.781 8.471 9.165 9.86 10.55 11.24 11.91

0.22440.79021.36 1.937 2.523 3.119 3.727 4.349 4.983 5.63 6.289 6.96 7.641 8.33 9.024 9.721 10.42 11.11 11.79 12.47

0.53811.137 1.737 2.34 2.95 3.567 4.194 4.832 5.48 6.139 6.808 7.487 8.175 8.869 9.567 10.27 10.96 11.66 12.34 13.01

0.86611.494 2.12 2.747 3.377 4.013 4.656 5.307 5.967 6.636 7.314 7.999 8.692 9.39 10.09 10.79 11.49 12.19 12.87 13.54

1.197 1.85 2.499 3.146 3.794 4.445 5.102 5.764 6.434 7.111 7.795 8.486 9.183 9.884 10.59 11.29 11.99 12.68 13.37 14.04

1.519 2.194 2.862 3.526 4.189 4.853 5.52 6.192 6.869 7.553 8.242 8.937 9.637 10.34 11.04 11.75 12.45 13.14 13.83 14.5

1.818 2.511 3.195 3.873 4.548 5.222 5.898 6.577 7.26 7.948 8.641 9.339 10.04 10.75 11.45 12.16 12.86 13.55 14.24 14.91

2.079 2.787 3.483 4.172 4.856 5.538 6.22 6.905 7.592 8.283 8.978 9.678 10.38 11.09 11.79 12.5 13.2 13.9 14.59 15.26

2.284 3.003 3.71 4.407 5.097 5.785 6.472 7.159 7.849 8.541 9.238 9.938 10.64 11.35 12.06 12.76 13.47 14.17 14.85 15.53

2.416 3.144 3.857 4.559 5.254 5.945 6.634 7.322 8.013 8.706 9.403 10.1 10.81 11.51 12.22 12.93 13.63 14.34 15.03 15.71

I τ ≈ O(mkm) ≈ O(nkn)
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Computational results - small world SW{n, p}

I SW{n, p} model:

n node cycle⇒ {m0,m1, . . . ,mk} ∈B(
(
n
2

)
−n, p) ⇒ SW (n, m0), . . . , SW (n, mk)

0

1
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2 3

4
{5,5,2,4,1}−→

0

1

2 3

5

4

0

1

2

4

5

3

0

1

2 3

5

4

SW{6, 0.2} ⇒ SW (6, 5), SW (6, 5), SW (6, 2), . . .

I What’s the relation between p and mixing time? p
?→ τ
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Topology
?→ mixing time (SW{n, p})

I Mixing time of SW{n, p} graphs for n = 501 and n = 1001

n=501
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I τ ≈ O(pkp) ≈ O(mkm) ≈ O(nkn)
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Applications

I Information exchange

—bounds of the transformation time

I Search engine (Google)

—How fast can google rank the pages?

I Sampling problem

—rapid simulation with good results
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Future work

I different graph model

 Scale-free graph
Geometric random graph G(n, r)
Grid (mesh) graph

I directed graph

I relation between average hitting time and mixing time
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