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Random walk

» ['(v): neighbors of v in G

random random random random
> zg — 21 €(xg) = ax2€l(x1) — -+ — zp € ['(ak—1)
» Example:

{vov1v2v9usv4} is one trial of a random
walk

{vousv4vov3} is another trial of a random
walk
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Random walk and Markov chain

» Transition probability matrix P

P — Prlziy, = jlog =1, ifijeFE
Y0, otherwise

» We can choose each node uniformly

b _ [ 1/d0), ifij€E
Y10, otherwise

where d(7) is the degree of i

» distribution at t: 7 (t) = 7 (0)P*
» equilibrium distribution: @ = 7P
» reversible Markov chain:  m P = ;P i,5¢€V

» symmetric chain:. PT =P
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Measurements of Random walk

» Example: London tube graph
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Example: London tube graph (continued)

Pick out a simple graph from it:

Moorgate

N

. Edgware Baker Kings
Paddington Road St Cross
Notting Bond Oxford Tottenham Holborn
Hill Gate St Circus Court Road
High Green
Street Park
Glm;{cgster Victoria Wstmster Embkment

Liverpool
St

Monument

/.
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Example: London tube graph - Hitting time

. random walk ) )
» King's Cross ———— — Victoria

-~

7 steps

» Hitting time:[LLOO]

- 1 V2. ViUl ]
]]é. — 2m k? o ? J '
: ;; 1=A [d@ d(i)d(j)

{\,v} is the eigensystem of N = DY2AD!/2 A is the adjacency matrix,
D = diag(1/d(¢)), m is the number of edges in the graph

» the mean number of steps between King's Cross and Victoria is

Hyey = Hg1 = 38.5
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Example: London tube graph - Hitting time matrix

» Hitting time matrix

0.0 12.7 30.1 249 36.1 58.8 47.5 49.7 31.2 30.0 46.5 45.0
28.1 0.0 21.3 20.1 326 554 444 474 29.6 29.8 496 514
40.6 16.4 0.0 11.0 27.0 50.5 40.0 44.7 28.7 29.9 51.3 54.5
51.1  30.9 26.7 0.0 19.5 43.5 33.7 40.1 258 28.1 50.9 55.7
584 394 38.7 15.5 0.0 264 189 325 254 30.3 54.0 59.6
60.3 41.5 41.4 18.8 5.7 0.0 105 27.8 244 30.8 54.8 60.7
60.2 41.7 42.2 20.1 9.4 21.6 0.0 21.1 21.5 29.2 53.5 59.7
58.8 41.1 43.3 23.0 194 354 17.6 0.0 11.8 23.5 48.8 55.9
55.5 38.5 425 239 274 472 33.2 26.9 0.0 15.9 42.0 50.1
53.3 37.7 427 252 314 526 399 37.7 14.9 0.0 29.8 41.6
50.1 37.8 444 28.3 354 569 445 433 21.4 10.1 0.0 21.8
45.0 36.0 44.0 294 374 59.1 47.1 46.8 25.8 18.2 18.2 0.0
37.8 32.1 41.6 28.6 37.3 59.4 47.7 48.3 283 244 34.3 26.2
19.9 234 36.8 27.7 377 60.1 486 50.0 30.7 28.2 414 36.6
40.7 179 30.8 21.3 31.5 54.0 42.7 447 26.0 264 48.0 51.6
51.3 33.7 384 204 284 50.7 39.0 40.0 20.3 21.0 44.5 49.8
58.0 395 40.6 19.2 11.5 36.5 27.6 37.0 25.7 29.2 52.8 58.3
45.6 33.9 41.0 255 339 56.0 443 452 253 23.7 404 39.0
55.7 376 40.5 20.8 21.0 446 34.3 395 240 26.1 49.7 55.1
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Example: London tube graph - Commute time

D oo

. . rw . . rw . ,
» King's Cross — Victoria —;, King's Cross

o~
? steps

» commute time [LLOO]
kij = Hij+Hj;

» So we know that the commute time from King's Cross to Victoria then back to
King's Cross is

ki_, = kg1 = Hg1+Hqis = 38.5+29.6 = 68.1

» Symmetry
e H;; # Hj; unless ¢ and j are vertex-transitive.

® kij = kj@‘ for all Z,]
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Example: London tube graph - Mixing time

> ZT(O)—>7T(1)—>---—>7E

7 steps

» mizing rate = log(1/u(P))[SB04]

where p(P) = max;=2 _ n |[\i(P)] = max{A2(P), —An(P)}

» mixing time: 7 = 1/(mixing rate) = 1/log(1/u)[SB04]
» muzing rate = 0.101568
mazring time = 9.845655

» build new lines

mazing rate = 0.168313

maxing time = 5.941294
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Definition of random walk properties

hitting H;; 1s the expected num-
time ber of steps in a random
(access walk starting from node sz'”: 1 w7, VkiUk;
time) i and before node j. £ 1— Xy, | d(i) A1)
commute | k;; is the expected num-
time ber of steps in a random H;;+Hj;
walk starting at ¢, the
first time return to ¢ via
7.
mixing measure of how fast the
rate random walk converges p = —log(u(P))
to its stationary distribu-
tion.
mixing the time scale (in steps) |
time for reaching the station- = —
ary distribution. log(1)
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Fastest mixing problem - topology

» Mixing time - convergence speed

» fastest mixing - smallest mixing time/different topology

change the topological structure of graphs

fastest mixing chain

» Optimization description

ming u(P(G))
S.t. P.>0
Pl1=1
P--—{ 1/d(i), ifijcE
Yo 0, otherwise
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Computational results - small regular graphs

» the min/max mixing time for 10 nodes regular graphs

n | deg | num || maxtime | graph || mintime | graph | avertime
10 | 3 17 15.5896 @ 2.4663 @ 6.8216
10 | 4 58 7.7220 @ 1.7195 @ 3.4093
10 | b5 59 7.4542 @ 1.2427 @ 2.2145
10| 6 21 2.4663 0.9102 @ 1.5722
10 | 7 5 1.1802 1.0168 1.1475

Min Chen
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Fastest mixing problem - weights

» Stephen Boyd's idea, Stanford Univ.

» fastest mixing - smallest mixing time/different weights

fix the topology, changing the weights

| (reversible chain)

fastest mixing chain

» Optimization description

minp u(P)

s.t. P.>0
Pl=1
[P = Pl

Pij=0, t,j¢gFE
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Fastest mixing problem - combined problem

» Combined Boyd’s idea together with ours

» Fastest mixing chain both on topology and weights

all different topologies reversible chain

| change the weights

fastest mixing weights on each different topology

fastest mixing chain

» Optimization description

ming minpgy p(P)

s.t. P.>0
Pl=1
[P = PITI

P;=0, 4,j¢&FE
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The mixing time for 10 nodes regular graphs

Min Chen

FMRMC for 10 nodes regular graphs

nodes | degree || max time min time
10 4 4.7185 1.5767
10 5 4.3522 1.1802
10 6 2.4663 0.9064
10 7 1.1802 0.7670
10 8 0.7213 0.7213
10 9 0.4551 0.4551
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Random graph results - small world SW (n, m)

» SW(n,m) model: n nodes cycle + m more cross links

SW (6,3)
o

» (n,m) =topology structure=-mixing time

L ?
» How does n affect mixing time? n — 71

- : ?
» How does m affect mixing time? m — 7
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Small world SW(n,m) - n and 7

» For cycle: = max{| 2|, |\n]}) = ‘COS ((”_nl)ﬂ) | = cos (Z)
Substitute into T: | 1 1

i) = p(n)  log(n) — logcos (%)

Expanded as Taylor expansion:

m? 1 2 54
Lo T O(n5
T~ 5 =350 Tagna O

mixing time 7 is in direct proportion to n? as n — oo :

-
—T RN
2
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(SW(n,m))

Topology — mixing time

» Colour plot of log(7) against log(m) and log(n)

m
&
e

m
<
o
i
8
w

7
7,

700/

Vi/
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Computational results - small world SW{n, p}

» SW{n,p} model:

n node cycle = {mg,mq,...,mp} € B((g’) —n,p) = SW(n,mg),...,SW(n,my)

SW{6,0.2} = SW(6,5), SW(6,5), SW(6,2),...

» What's the relation between p and mixing time?
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5
Topology — mixing time (SW{n,p})
» Mixing time of SW{n,p} graphs for n = 501 and n = 1001

n=501 n=1001

5 T ! T T T T -0.2 T T T T T
I
4 _I,!!”: .............. ............................................................... - _0 4
N
3 _!”i, 44444444 N PP |
I ||||| : -0.6
Al
’§ 2 L |||ii. ............................................................... - ’§
:I’ 8o
RS B SRR T et IS S 4 = i
: |
L II|I
M, -1.0
0_"|,III ................................ -
0 I N T N SO M T R
-2 . i . i . i . i . i . i . —14 i i i i L
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log(p) log(p)
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Applications

» Information exchange

—bounds of the transformation time

» Search engine (Google)

—How fast can google rank the pages?

» Sampling problem

—rapid simulation with good results
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Future work

» different graph model

Scale-free graph
Geometric random graph G(n, 1)
Grid (mesh) graph

» directed graph

» relation between average hitting time and mixing time
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