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(Pictures are mostly taken from wikipedia.)
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The Main Topics

Topicsconsidered:Statistical Self-Similaity, Heavy-Tails,
Long-RangeDependenceand ScaleFree Networks.




What do we meanby a Power law?

A Power Law Relationship

We will de ne a power law relationshipfor a function f (x) for
x> 0as

f(x) x ;

where > 0is someconstantand meansasymptotically
proportional to asx ! 1 .

o This function fallso to zeroquite slowly.

o This sat of function occursin a surgising variety of contexts,
particularly in the internet.

o Plotted on a log-log scaleit will appea asa straight line
gradient
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Heavy Tails

What is a Heavy-Rileddistribution?

Heavy-Tailed distribution

A variable X hasa heavy-taileddistribution if
PIX>x] x ;

where 2 (0;2) and againmeansasymptoticallyproportional to
asx! 1.

@ Obviouslyan exampleof a power law.
@ A distribution whereextremevaluesare still quite common.

o Examples:Heightsof trees, frequencyof words, populations
of towns.

@ Best known example,Pareto distribution
P(X > x) = (x=xm) wherex;, > 0 is the smallestpossible
X.



Heavy Tails

More about heavytails

(]

The following internet distributions have heavytails:

© Fileson any particular computer.

Q@ Filestransferredvia ftp.

© Bytestransferredby singleTCP connections.
© Filesdownloadedby the WWW.

This is more than just a statistical curiousit.

Considemwhat this distribution would do to queuing
perfaomance(no longerPoisson).

Non mathematiciansare starting to take an interestin heavy
tails.

(]
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Somepeoplereferto long-tails| this is a processwhich starts
slowly but continuesfor a long time (e.g. a slow sellingbook).



Heavy Tails
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Heavy Tails

A model for heavy-tailedra c

A One Dimensional Chaotic Map
T T

1)

o LHSis: f(x) = x+ kx , with 2 (0;1).
o Generateseriesof zerosand oneswhich haveheavytails.
o Dicult analytically(Markov approximationseasier).



Self Similaity

@ Most of us are familiar with the conceptof self similaity.

@ A curveis thought of as self-simila if parts of the curve
resembleother parts (perhapsafter rescalingand rotation).

o A self-simila curveis what is populaly thought of asa fractal.

o (Thereis a mathematicallyrigorous de nition of fractal,
which will not be discussedere.)

o A typical exampleis the Koch snov ak e shovn below.

ARSI R



Fractals/Self-Similaty

Four "fractals" occurring in various areas.



Self Similarity

Statistical Self-Similaty

Statistically self-simila
A stochasticprocessY; : t 2 R, is stastisticallyself-simila if it
obeys

Vo & @ Nt
for someconstantc > 0 where2 meansequalin distribution and
H is a parameterknown asthe Hurst parameter.

o Crudely: whenstretchedby somefactor ¢ in the time
dimensionlooks \the same"if stretchedby ¢ M in they
dimension.

o Most time serieswould look \ at" if stretchedlike this.



Self Similarity

Statistical Self-Similaty

o Think of Statistical Self-Similaity in terms of

mountainousnesperhaps.As you zoom in, the small hills
look \the same"asthe larger mountainsdid.

@ Somemeasurement®f internettra c exhibit SSS(seelater).
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Fractional Brownian Motion | a statistically self-similar process



Long-Range Dependence

Long-RangdependencgLRD)

Let f X1; X2; X3;:::g be a weakly stationary time series.

The Auto correlation Function (ACF)

(= B i 1,

where is the meanand 2 is the variance.

The ACF measuresthe correlation between X; and X;+ and is normalised so
(k) 2 [ 1;1]. Note symrpetry (k) = ( k).
A processexhibits LRD if &:o (k) diverges(is not nite).

De nition of Hurst Parameter

The following functional form for the ACF is often assumed
(k) jkj 2

where meansasymptotically proportional to and H 2 (1=2;1) is the Hurst
Parameter.




Long-Range Dependence
More about LRD

@ Think of LRD asmeaningthat data from the distant past
continueto e ect the present.

o LRD was rst spotted by a hydrologist(Hurst) looking at the
o oding of the Nile river.

o For this reasonMandellyot calledit \the Josephe ect".
@ Stock prices(once normalised)alsoshav LRD.

o LRD canalsobe seenin the temperature of the eath (once
the trend is removed).

o Relatedto self-similaity. If Y; is self-simila with Hurst
H 2 (1=2; 1) and stationay incrementsX; = Yi+1  Y; then
X is LRD with Hurst H.



Long-Range Dependence
LRD andthe Internet

In 1993LRD (and self-similaity) wasfoundin a time seriesof
bytes/unit time measuredon an EthernetLAN [Lelandet al
'93].

o This nding hasbeenrepeateda number of times by a large
number of authars (howeverrecentevidencesuggestghis may
not happen in the care).

@ A higherHurst parameteroften increaseslelays in a network.
Paclet lossalsosu ers.

o If bu er provisioningis doneusingthe assumptionof Poisson
trac then the network will probably be undersgcifed.

(]

@ The Hurst parameteris \a dominantchaacteristic for a
number of packet tra c engineeringoroblems".



Long-Range Dependence

The harible propertiesof LRD

@ Computationally LRD is a nightmare to work with.

@ Consider (k) | the e ect we are looking for is at large k we
only havemany samplesfor smallk. Standad estimatas for
(k) are biasedfor large k.

e The samplemeanconvergest a rate proportional to n?? 2
notn 1.

e The samplevariance S? is no longeran unbiasedestimate of
the variance 2.

o If we take standad techniquesfor con denceintervalsthen,
asn! 1 a statistic will be outsidea givencon dence
interval a.s. no matter how smallthat con denceinterval.

@ Only investigateLRD if you havea \large" data set (hundreds
are good, thousandsare better, millions are nice).



Long-Range Dependence

WheredoesLRD comefrom?

Wheredo we get LRD from? The reseach literature suggestsour
possibilitiesfor the origin of LRD in the internet.
© Data is LRD at Source

e Claim arisesfrom measurement®n videotra c.

o Picturesare updated by sendingchanges.

s A still sceneis few changesa cut or panis a lot of changes.

@ Data arise from aggregationof heavytailed ON-OFF sources.

o It canbe shovn that ON/OFF sourceswith heavy-tailedtrain
lengthsleadsto self-similaity.

s It hasbeenobservedhat the sizesof les transferredon the
internet follow a heavy-taileddistribution.



Long-Range Dependence

Wheredoes LRD comefrom? (2)

© LRD arisesfrom feedbackmechanismsn the TCP protocol.
@ This claim comesfrom Markov modelsof TCP timeout and
retransmission.
s A Markov model is usedto shaw that the doublingof timeouts
can causecorelationsin timeseriesof transmitted data.
@ Modelling shows that this canleadto LRD over certain
timescaleq\lo cal" LRD).
@ LRD arisesfrom network topology or routing.
s Considera simulationon a Manhattan network with randomly
distributed sourcesand sinks.
@ The sourcesproduce Poissontra c.
o Packets nd their shatest route to the sink (accountingfor
the trac on the next hop).
s In this simplesituation the aggregatedra ¢ shows LRD.



Scale Free Networks
Node DegreeDistributions

Degreeof a node

In an undirectedgraph, the degreeof a node is the number of arcs
incidentto that node.

A scalefree network
Let X be the degreeof a node in a network. A network is saidto
be scalefreeif

PX=Kk] k ;
where 2 (0;2).




Scale Free Networks

Scale-freenetworks

@ A scalefree network is a network wherethere are a signi cant
number of highly connectednodes.
o What sat of networks (graphs) are scalefree?
© The internetif a node is a computer/router and an arc is a
connectionbetweenthem.
@ The webif a nodeis a web pageand an arc is a hyperlink to
(or from) that page.
© Citationsif a node is an academicand an arc is whenan
author cites another.
@ Wikipediaif a node is an article and an arc is whenthat article
referencesnother.
@ Sexualrelationsif a node is a personand an arc is... um... a
connectionbetweenthem.
© Many many more networks.

o For somereasonscale-freenetworks seemvery common|
but why?



How might ScaleFree Networks be formed?

o We might want to think about how a Scalefree network forms
(see[Albert and Barabassi1999]).

o Considera network wherenew arcs attach to nodeswith a
probability relatedto the number of links it hasalready

o Let the probability a newnode connectsto a givenexisting
node be proportional to k the degreeof the node. In this
model the network becomesscalefree.

e But if the probability is proportional to k10001 or k%999 the
network is not scalefree.

o How suchexactproportionality could be achieveds a mystery



Scale Free Networks

RandomWalks and local formation of ScaleFree

Networks?

@ Considertaking a randomwalk on a network.
@ Leaveany node down an arc completelyat random.

@ Considerthe processas a Markov chain wherethe transition
probability pj = 1=k; wherek; is the degreeof nodei.

o It canbe easilyshavn that if the networks is ergadic, the
equilirium probabilitiesof the state ; = Kk; for some
constantK. (Left asan exercisdor the student).

@ This is exactlythe probability requiredfor our connection
model.
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Conclusions

Conclusions

o Power laws seemto appea in a hugenumber of placesin the
natural world.

o They are particularly commonon the internet.

o There are someknown interconnectionsout perhapsmore
remainto be discovered.

o Couldit be that there is someunderlyingprinciple which
explainswhy they are so ubiquitous?

o This area of reseach is rapidly developingwith new
discoveriegverymonth.
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