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Introduction

1 This talk is about current internet research and in particular
the topic of power laws.

2 Ongoingresearch | somequestionsasked haveno answers
yet, someanswersgivenmay be wrong.

3 A taste of what is going on in mathematicalinternet research
now.

The Main Topics

Topicsconsidered:Statistical Self-Similarity, Heavy-Tails,
Long-RangeDependenceand ScaleFreeNetworks.
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What do we meanby a Power law?

A Power Law Relationship

We will de�ne a power law relationshipfor a function f (x) for
x > 0 as

f (x) � x � � ;

where� > 0 is someconstantand � meansasymptotically
proportional to as x ! 1 .

This function falls o� to zeroquite slowly.

This sort of function occursin a surprising variety of contexts,
particularly in the internet.

Plotted on a log-log scaleit will appear as a straight line
gradient � � .
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Power law fall o�
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Power law fall o�
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What is a Heavy-Taileddistribution?

Heavy-Taileddistribution

A variable X hasa heavy-taileddistribution if

P[X > x] � x � � ;

where� 2 (0; 2) and � againmeansasymptoticallyproportional to
as x ! 1 .

Obviouslyan exampleof a power law.

A distribution whereextremevaluesare still quite common.

Examples:Heightsof trees,frequencyof words, populations
of towns.

Best known example,Pareto distribution
P(X > x) = (x=xm) � � wherexm > 0 is the smallestpossible
X .
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More about heavytails

The following internet distributionshaveheavytails:
1 Fileson any particular computer.
2 Filestransferredvia ftp.
3 Bytes transferredby singleTCP connections.
4 Filesdownloadedby the WWW.

This is more than just a statistical curiousity.

Considerwhat this distribution would do to queuing
performance(no longerPoisson).

Non mathematiciansare starting to take an interest in heavy
tails.

Somepeoplerefer to long-tails| this is a processwhichstarts
slowly but continuesfor a long time (e.g. a slow sellingbook).
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A model for heavy-tailedtra�c
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SelfSimilarity

Most of us are familiar with the conceptof self similarity.

A curveis thought of as self-similar if parts of the curve
resembleother parts (perhapsafter rescalingand rotation).

A self-similar curveis what is popularly thought of asa fractal.

(There is a mathematicallyrigorousde�nition of fractal,
which will not be discussedhere.)

A typical exampleis the Koch snow
ake shown below.
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Fractals/Self-Similarity

Four "fractals" occurring in various areas.
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StatisticalSelf-Similarity

Statistically self-similar

A stochasticprocessYt : t 2 R+ , is stastisticallyself-similar if it
obeys

Yt
d= c� H Yct ;

for someconstantc > 0 where d= meansequalin distribution and
H is a parameterknown as the Hurst parameter.

Crudely: whenstretchedby somefactor c in the time
dimensionlooks \the same" if stretchedby c� H in the y
dimension.

Most time serieswould look \
at" if stretchedlike this.
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StatisticalSelf-Similarity

Think of Statistical Self-Similarity in terms of
mountainousnessperhaps.As you zoom in, the small hills
look \the same"as the larger mountainsdid.
Somemeasurementsof internet tra�c exhibit SSS(seelater).

Fractional Brownian Motion | a statistically self-similar process
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Long-RangeDependence(LRD)

Let f X1; X2; X3; : : : g be a weakly stationary time series.

The Auto correlation Function (ACF)

� (k) =
E [(Xt � � )( Xt + k � � )]

� 2
;

where � is the mean and � 2 is the variance.

The ACF measuresthe correlation between Xt and Xt + k and is normalised so
� (k) 2 [� 1; 1]. Note symmetry � (k) = � (� k).
A processexhibits LRD if

P 1
k=0 � (k) diverges(is not �nite).

De�nition of Hurst Parameter

The following functional form for the ACF is often assumed

� (k) � jk j � 2(1� H) ;

where � meansasymptotically proportional to and H 2 (1=2; 1) is the Hurst
Parameter.
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More about LRD

Think of LRD as meaningthat data from the distant past
continueto e�ect the present.

LRD was �rst spotted by a hydrologist(Hurst) looking at the

o oding of the Nile river.

For this reasonMandelbrot calledit \the Josephe�ect".

Stock prices(oncenormalised)alsoshow LRD.

LRD can alsobe seenin the temperatureof the earth (once
the trend is removed).

Relatedto self-similarity. If Yt is self-similar with Hurst
H 2 (1=2; 1) and stationary incrementsXt = Yt +1 � Yt then
Xt is LRD with Hurst H.
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LRD and the Internet

In 1993LRD (and self-similarity) was found in a time seriesof
bytes/unit time measuredon an EthernetLAN [Lelandet al
'93].

This �nding hasbeenrepeateda number of times by a large
number of authors (howeverrecentevidencesuggeststhis may
not happen in the core).

A higherHurst parameteroften increasesdelays in a network.
Packet lossalsosu�ers.

If bu�er provisioningis doneusingthe assumptionof Poisson
tra�c then the network will probablybe underspecifed.

The Hurst parameteris \a dominant characteristic for a
number of packet tra�c engineeringproblems".
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The horrible propertiesof LRD

Computationally, LRD is a nightmare to work with.

Consider� (k) | the e�ect we are looking for is at large k we
only havemany samplesfor small k. Standard estimators for
� (k) are biasedfor large k.

The samplemeanconvergesat a rate proportional to n2H� 2

not n� 1.

The samplevarianceS2 is no longeran unbiasedestimateof
the variance� 2.

If we take standard techniquesfor con�denceintervalsthen,
as n ! 1 a statistic will be outsidea givencon�dence
interval a.s. no matter how small that con�denceinterval.

Only investigateLRD if you havea \la rge" data set (hundreds
are good, thousandsare better, millions are nice).
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WheredoesLRD comefrom?

Wheredo we get LRD from? The research literature suggestsfour
possibilitiesfor the origin of LRD in the internet.

1 Data is LRD at Source
Claim arisesfrom measurementson videotra�c.
Picturesare updated by sendingchanges.
A still sceneis few changes,a cut or pan is a lot of changes.

2 Data arisefrom aggregationof heavytailed ON-OFFsources.
It can be shown that ON/OFF sourceswith heavy-tailedtrain
lengthsleadsto self-similarity.
It hasbeenobservedthat the sizesof �les transferredon the
internet follow a heavy-taileddistribution.
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WheredoesLRD comefrom? (2)

3 LRD arisesfrom feedbackmechanismsin the TCP protocol.
This claim comesfrom Markov modelsof TCP timeout and
retransmission.
A Markov model is usedto show that the doublingof timeouts
can causecorrelationsin timeseriesof transmitted data.
Modellingshows that this can leadto LRD overcertain
timescales(\lo cal" LRD).

4 LRD arisesfrom network topology or routing.
Considera simulationon a Manhattan network with randomly
distributed sourcesand sinks.
The sourcesproducePoissontra�c.
Packets �nd their shortest route to the sink (accountingfor
the tra�c on the next hop).
In this simplesituation the aggregatedtra�c shows LRD.
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Node DegreeDistributions

Degreeof a node

In an undirectedgraph, the degreeof a node is the number of arcs
incident to that node.

A scalefree network
Let X be the degreeof a node in a network. A network is said to
be scalefree if

P[X = k] � k � � ;

where� 2 (0; 2).
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Scale-freenetworks

A scalefree network is a network wherethere are a signi�cant
number of highly connectednodes.
What sort of networks (graphs)are scalefree?

1 The internet if a node is a computer/router and an arc is a
connectionbetweenthem.

2 The web if a node is a web pageand an arc is a hyperlink to
(or from) that page.

3 Citations if a node is an academicand an arc is whenan
author cites another.

4 Wikipedia if a node is an article and an arc is whenthat article
referencesanother.

5 Sexualrelationsif a node is a personand an arc is... um... a
connectionbetweenthem.

6 Many many more networks.

For somereasonscale-freenetworks seemvery common|
but why?
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How might ScaleFreeNetworks be formed?

We might want to think about how a Scalefreenetwork forms
(see[Albert and Barabassi1999]).

Considera network wherenew arcs attach to nodeswith a
probability relatedto the number of links it hasalready.

Let the probability a new node connectsto a givenexisting
node be proportional to k the degreeof the node. In this
model the network becomesscalefree.

But if the probability is proportional to k1:0001 or k0:9999 the
network is not scalefree.

How suchexactproportionality couldbe achievedis a mystery.
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RandomWalksand local formation of ScaleFree
Networks?

Considertaking a randomwalk on a network.

Leaveany node down an arc completelyat random.

Considerthe processas a Markov chain wherethe transition
probability pij = 1=ki whereki is the degreeof node i .

It can be easilyshown that if the networks is ergodic, the
equilibrium probabilitiesof the state � i = Kki for some
constantK . (Left as an exercisefor the student).

This is exactly the probability requiredfor our connection
model.
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Conclusions

Power laws seemto appear in a hugenumber of placesin the
natural world.

They are particularly commonon the internet.

There are someknown interconnectionsbut perhapsmore
remainto be discovered.

Could it be that there is someunderlyingprinciple which
explainswhy they are so ubiquitous?

This area of research is rapidly developingwith new
discoverieseverymonth.
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