C COURSEWORK – WEEK FOUR MODEL ANSWERS

Question 1:

The program here has been written to use multiple source files as described in lecture four.

i) The library is given in complex.cpp and complex.h

complex.h

typedef struct complex {

    double real; /* Real part of number */

    double imag; /* Imaginary part of number */

} CMPLX;

CMPLX create_complex (double, double);

/* Create a complex number */

CMPLX add (CMPLX, CMPLX);

/* Add two complex numbers */

CMPLX subtract (CMPLX, CMPLX);

/* Subtract two complex numbers */

CMPLX multiply (CMPLX, CMPLX);

/* Multiply two complex numbers */

void print_complex (CMPLX);

/* Print out a complex number */

double magnitude (CMPLX);

/* Print the magnitude of a complex number */

complex.cpp

/* A library for complex functions */

#include "complex.h"

#include <stdio.h>

#include <math.h>

CMPLX create_complex (double real, double imag) 

/* Create a complex number */

{

    CMPLX new_no;  /* New complex number created */

    new_no.real= real;

    new_no.imag= imag;

    return new;

}

CMPLX add (CMPLX a, CMPLX b)

/* Add two complex numbers a+b*/

{

    CMPLX answer;  /* Addition of a and b */

    answer.real= a.real+b.real;

    answer.imag= a.imag+b.imag;

    return answer;

}

CMPLX subtract (CMPLX a, CMPLX b)

/* Subtract two complex numbers a-b */

{

    CMPLX answer;  

    answer.real= a.real - b.real;

    answer.imag= a.imag - b.imag;

    return answer;

}

CMPLX multiply (CMPLX a, CMPLX b)

/* Multiply two complex numbers a*b */

{

    CMPLX answer;

    answer.real= a.real*b.real - a.imag*b.imag;

    answer.imag= a.imag*b.real + a.real*b.imag;

    return answer;

}

void print_complex (CMPLX a)

/* Print out a complex number */

{

    /* the if statement ensures we don't get things like 5+-3i printed */

    if (a.imag > 0)

        printf ("(%g+%gi)", a.real, a.imag);

    else

        printf ("(%g%gi)",a.real, a.imag);

}

double magnitude (CMPLX a)

/* Print the magnitude of a complex number a*/

{

    return (sqrt(a.real*a.real+a.imag*a.imag));

}

We can test this with testcomplex.cpp

#include <stdio.h>

#include "complex.h"

/* A simple test of the complex number functions - these are going to be

tested more extensively in the mandelbrot program */

int main()

{

    CMPLX x,y,z;

    x= create_complex(5.3, 4.1);

    y= create_complex(6.3, -2.1);

    z= add (x,y);

    print_complex (x);

    printf (" + ");

    print_complex (y);

    printf (" = ");

    print_complex (z);

    printf ("\n");

    z= subtract (x,y);

    print_complex (x);

    printf (" - ");

    print_complex (y);

    printf (" = ");

    print_complex (z);

    printf ("\n");

    return 0;

}

i) A brief test is shown in testcomplex.cpp – more extensive testing is done by writing the mandelbrot set program (see next question)

ii) The + and – tests shown here test the addition and subtraction routines.  Strictly speaking I should have written test routines for all the functions and tested them with positive and negative values.  However, I didn't do this here since I knew I would be testing the functions further in my mandelbrot program.

iii) There are a few things worthy of note in the design.  Firstly, in subtract (a,b) it is not clear whether to return a-b or b-a.  I chose a-b since it seemed more natural to me – however not all users might think like this so that would need to be documented.  In the print routine, I put brackets around the complex number so that expressions such as (4+3i)*(2-3i) would be correctly bracketed.  I also checked if the imaginary part was negative to avoid the clumsy expression (4+-3.1i).  There are a number of functions which might be added – division, raising to powers or the complex conjugate for example.

Question 2

i) mandel.cpp (uses complex.cpp library)

#include <stdio.h>

#include "complex.h"

const int WIDTH= 60, HEIGHT= 24; 

 /* Appropriate dimensions for terminal window we are

 printing on */

/* Define the area of the complex plane to print --

change these values to zoom */

const double REAL_MIN -1.5;

const double REAL_MAX 1.5;

const double IMAG_MIN -1.5;

const double IMAG_MAX 1.5;

int escape_time (CMPLX);

/* The "escape time" for the mandelbrot set equation for the complex point c returns -1 for "does not escape"*/

int main()

{

   double real, imag;   /* real and imaginary co-ordinates we are looking at*/

   CMPLX c;   /* C in the mapping z->z^2+c */

   int time;  /* How quickly do we "escape" */

   int i, j;

   for (i= 0; i < HEIGHT; i++) {

       for (j= 0; j < WIDTH; j++) {

           imag= ((IMAG_MAX-IMAG_MIN)*(double)i/HEIGHT) +IMAG_MIN;

           real= ((REAL_MAX-REAL_MIN)*(double)j/WIDTH) +REAL_MIN;

           c= create_complex (real, imag);

           time= escape_time(c);

           if (time == -1) {

               putchar ('+');

           } else if (time > 25) {

               putchar ('O');

           } else if (time > 6) {

               putchar ('o');

           } else if (time > 2) {

               putchar ('.');

           } else {

               putchar (' ');

           }

       }

       putchar ('\n');

   }

   return 0;

}

int escape_time (CMPLX c)

/* Calculates the "escape time" for the complex point c - returns -1 for "doesn't escape" */

{

   CMPLX z;  /* See mandelbrot explanation */

   int i;

   z= create_complex (0,0);

   for (i= 0; i < 100; i++) {

       if (magnitude(z) > 2)

           return i;

        z= multiply (z,z);

        z= add(z,c);

   }

   return -1;

}

It can now be seen that the complex arithmetic part of the mandelbrot set is extremely brief using our new complex numbers library.  The advantage of such a library is clear.

ii) In my code we could print a zoomed in region by changing the values of REAL_MIN, REAL_MAX, IMAG_MIN and IMAG_MAX – this would change the region of the plane we  were looking at.

iii) By zooming in further we will get towards the limit of doubleing point (and also double) numbers in C.  In doubles or doubles it is hard to distinguish between 1.000000000001 and 1.00000000002 which is necessary when dealing with zooming in the Mandelbrot set.  If we wished to zoom in further we would need to design our own arithmetic library for higher precision arithmetic.  Also the more we zoom in the more iterations we need before we conclude whether or not a figure escapes the set.

Question 3

i) The maximum value of x(1-x) = 0.25 – this can be found by differentiation or by inspection of the graph.  By differentiation we find a turning point at x= 0.5 – double differentiation (or inspection of the graph) shows it to be a maximum.

If lambda were > 1 then f(x) would be greater than 1 at x= 0.5.  If lambda were negative then f(x) would also be negative and therefore outside the range [0,1].  Therefore f(x) is in the range [0,1] if lambda is in the range [0,1].

ii) The graph can be plotted using maple with the following program (chaos.cpp)

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

void write_2d_array (char [], int, float [], float []);

/* A function which outputs maple style files to plot an array */

const int MAXPOINTS= 50000,    /* Maximum No. of points in array */

    RESOLUTION= 500;      /* No of "slots" in which we divide [0,1] */

#define OUTFILE "chaos.out"

int main()

{

    float xpts[MAXPOINTS], ypts[MAXPOINTS];  

       /* Arrays which will hold our points to plot */

     /* NOTE: Defining a very large array and then only filling part of it

     is inefficient but it's the only way to do this using the language

     features I'd taught you up to this point - it's also far easier

     than the alternatives */

    int tot_points; /* No. of points to plot */

    float x,lambda; /* See question for equation */

    float z[RESOLUTION];  /* Array representing [0,1] for a particular lambda*/

    int zval;   /* Used to map [0, 1] back to 0-> RESOLUTION */

    int i,j;

    tot_points= 0;

    for (i= 0; i < RESOLUTION; i++) {

        /* This maps a number from 0->RESOLUTION-1 to a number from 0-> 1 */

        lambda= (float)i / (RESOLUTION-1);

        /* Blank out the z array */

        for (j= 0; j < RESOLUTION; j++) {

            z[j]= 0;

        }

        x= 0.3456;  /* Initialise x */

        /* Don't plot the first 50 x values */

        for (j= 0; j < 50; j++) {

            x= 4*lambda*x*(1.0 - x);

        }

        for (j= 50; j < 150; j++) {

            x= 4*lambda*x*(1.0 - x);

            /* Map back to 0-> RESOLUTION -1 - check range just in case */

            zval= (int) (x* (RESOLUTION-1));

            if (zval >= RESOLUTION)

                zval= RESOLUTION-1;

            if (z[zval] == 0) { /* If we have not yet plotted a point

                     here (recorded by the z array) then plot one */

                z[zval]= 1;

                xpts[tot_points]= lambda;

                ypts[tot_points]= x;

                tot_points++;

                if (tot_points == MAXPOINTS) {

                    printf ("Too many points to plot\n");

                    return -1;

                }

            }

        }

    }

    write_2d_array (OUTFILE, tot_points, xpts, ypts);

    return 0;

}

void write_2d_array (char filename [], int no_points, float xaxis[], 

   float yaxis[])

/* Writes a maple style output of a variable for plotting */

{

    FILE *fptr;

    int i;

    fptr= fopen (filename, "w");

    if (fptr == NULL) {

        fprintf (stderr, "Unable to open \"%s\" to write\n", filename);

        exit (-1);

    }

    fprintf (fptr, "p:=[\n");

    for (i= 0; i < no_points; i++) {

        fprintf (fptr, "[%f,%f]", xaxis[i], yaxis[i]);

        if (i < no_points-1)

            fprintf (fptr,",");  /* All but last line need comma */

        fprintf (fptr, "\n");

    }

    fprintf (fptr,"];\n");

    fclose(fptr);

}

I have also used the following program (chaos2.cpp) to get a close up of a region of interest in a way which can be read by Microsoft Excel or gnuplot – both of which are better graph plotting programs than Maple (Maple is only used for this course because you're supposed to have learned it already).

#include <stdio.h>

#include <stdlib.h>

#include <math.h>

void write_2d_array (char [], int, float [], float []);

/* A function which outputs maple style files to plot an array */

const int MAXPOINTS= 50000,    /* Maximum No. of points in array */

    RESOLUTION= 1000;    /* No of "slots" in which we divide [0,1] */

#define OUTFILE "chaos2.out"

int main()

{

    float xpts[MAXPOINTS], ypts[MAXPOINTS];  

       /* Arrays which will hold our points to plot */

     /* NOTE: Defining a very large array and then only filling part of it

     is inefficient but it's the only way to do this using the language

     features I'd taught you up to this point - it's also far easier

     than the alternatives */

    int tot_points; /* No. of points to plot */

    float x,lambda; /* See question for equation */

    float z[RESOLUTION];  /* Array representing [0,1] for a particular lambda*/

    int zval;   /* Used to map [0, 1] back to 0-> RESOLUTION */

    int i,j;

    tot_points= 0;

    for (i= 0; i < RESOLUTION; i++) {

        /* This maps a number from 0->RESOLUTION-1 to a number from 0.5 1.0 */

        lambda= 0.75+ (0.25*(float)i / (RESOLUTION-1));

        /* Blank out the z array */

        for (j= 0; j < RESOLUTION; j++) {

            z[j]= 0;

        }

        x= 0.3456;  /* Initialise x */

        /* Don't plot the first 50 x values */

        for (j= 0; j < 50; j++) {

            x= 4*lambda*x*(1.0 - x);

        }

        for (j= 50; j < 150; j++) {

            x= 4*lambda*x*(1.0 - x);

            /* Map back to 0-> RESOLUTION -1 - check range just in case */

            zval= (int) (x* (RESOLUTION-1));

            if (zval >= RESOLUTION)

                zval= RESOLUTION-1;

            if (z[zval] == 0) {

                z[zval]= 1;

                xpts[tot_points]= lambda;

                ypts[tot_points]= x;

                tot_points++;

                if (tot_points == MAXPOINTS) {

                    printf ("Too many points to plot\n");

                    return -1;

                }

            }

        }

    }

    write_2d_array (OUTFILE, tot_points, xpts, ypts);

    return 0;

}

void write_2d_array (char filename [], int no_points, float xaxis[], 

   float yaxis[])

/* Writes an EXCELL style output of a variable for plotting */

{

    FILE *fptr;

    int i;

    fptr= fopen (filename, "w");

    if (fptr == NULL) {

        fprintf (stderr, "Unable to open \"%s\" to write\n", filename);

        exit (-1);

    }

    for (i= 0; i < no_points; i++) {

        fprintf (fptr, "%f %f\n", xaxis[i], yaxis[i]);   

    }

    fclose(fptr);

}
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Here is a close up (from Excel) of the right hand side of the graph lambda in [0.75,0.99].  There are a number of points to consider.  At values below 0.75 the graph has a single stable "attractor".  At 0.75 this "doubles" into two branches and doubles again further down.  This is the phenomenon known as "period doubling".  This period doubling takes place with increasing rapidity until the "Feigenbaum Point" where the number of "branches" has become infinite.  Later in the graph we can also see definite artefacts of period three.

The diagram itself is known as the "Feigenbaum Diagram" and is described in "Chaos and Fractals" by Peitgen Jurgens and Saupe amongst other places.  They describe it thus:

"The Feigenbaum Diagram has become the most important icon of chaos theory.  It will most likely be an image which will remain as a landmark of the scientific progress of this century.  The image is a computer generated image and is necessarily so.  That is to say that the details of it could never have been obtained without the aid of a computer.  Consequently the beautiful mathematical properties attached to the structure would probably have remained there if the computer had not been developed.  The success of modern chaos theory would be unimaginable without the computer."

